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Abstract : In this paper we consider the following (h, q)-zeta function:
ζq(s, x | h) =
∞∑
n=0
qhn+x
[n+ x]sq
+
(q − 1)(h − 1)
1− s
∞∑
n=0
q(h−1)n
[n+ x]s−1q
,
where x 6= 0,−1,−2, · · · , s ∈ C \ {1} and h ∈ C. Finally, we lead to a useful integral
representation for the (h, q)-zeta functions and give the functional equation associated with
(h, q)-Bernoulli numbers and polynomials.
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1. Introduction
When one talks of q-extension, q is considered in many ways such as an indeterminate,
a complex number q ∈ C, or p-adic number q ∈ Cp. Throughout this paper we assume that
q ∈ C with |q| < 1. We use the notation of q-number as
[x]q =
1− qx
1− q
.
Note that limq→1[x]q = x,( see [6]).
The Bernoulli polynomials in C are defined by the formula
ext
t
et − 1
= eB(x)t =
∞∑
n=0
Bn(x)
tn
n!
,
with the usual convention of replacing Bi(x) by Bi(x), (see [1-14]). In the special case,
x = 0, Bn(0) = Bn are called the n-th ordinary Bernoulli numbers, (see [1-10]). The
Bernoulli numbers are used to express special values of Riemann zeta function, which is
defined by
ζ(s) =
∞∑
n=1
1
ns
, s ∈ C, ( see[7]).
That is, ζ(2m) =
(2pi)2m(−1)m−1B2m
2(2m)!
, for m ∈ N, and ζ(1 − 2m) = −
B2m
2m
, (see [7-14]).
First, we consider (h, q)-Bernoulli numbers and polynomials as the q-extension of Bernoulli
numbers and polynomials. From those numbers and polynomials, we derive some (h, q)-zeta
functions as the q-extension of Riemann zeta function. That is, the purpose of this paper
ir to study the following (h, q)-zeta function:
ζq(s, x | h) =
∞∑
n=0
qhn+x
[n+ x]sq
+
(q − 1)(h − 1)
1− s
∞∑
n=0
q(h−1)n
[n+ x]s−1q
,
where x 6= 0,−1,−2, · · · , and h ∈ C, s ∈ C \ {1}.
Finally, we derive to a useful integral representation for the (h, q)-zeta functions and
give the functional equation associated with (h, q)-Bernoulli numbers and polynomials. Re-
cently, several authors have studied the q-zeta functions and the q-Bernoulli numbers( see
[1-14]). Our q-extensions of Bernoulli numbers and polynomials in this paper are different
the q-extension of Bernoulli numbers and polynomials which are treated by several authors
in previous papers.
2. (h, q)-Bernoulli numbers and polynomials associated with (h, q)-zeta
functions
For h ∈ C, let us consider (h, q)-Bernoulli polynomials as follows:
Fq(t, x | h) = −t
∞∑
m=0
qhm+xe[x+m]qt + (h− 1)(1 − q)
∞∑
m=0
q(h−1)me[x+m]qt
=
∞∑
n=0
βhn,q(x)
tn
n!
.
(1)
From (1), we note that
Fq(t, x | h) = e
(
1
1− q
)
t ∞∑
l=0
(−1)lqlx
l + h− 1
[l + h− 1]q
(
1
1− q
)l
tl
l!
. (2)
By (1) and (2), we get
βhn,q(x) =
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)lqlx
l + h− 1
[l + h− 1]q
. (3)
In the special case, x = 0, βhn,q(0) = β
h
n,q are called the n-th (h, q)-Bernoulli numbers.
In (3), it is easy to show that
βhn,q(x) = ([x]q + q
xβh)n, (4)
where we use the usual convention about replacing (βh)n = βhn,q.
Note that
lim
q→1
Fq(t, x | h) =
extt
et − 1
=
∞∑
n=0
Bn(x)
tn
n!
.
Let Fq(t | h) =
∑
∞
n=0 β
h
n,q
tn
n!
be the generating function of (h, q)-Bernoulli numbers. Then
we get
Fq(t | h) = −t
∞∑
m=0
qhme[m]qt + (h− 1)(1 − q)
∞∑
m=0
q(h−1)me[m]qt. (5)
From (1), (4), and (5), we can derive the following difference equation:
Fq(t, x | h) = e
[x]qtFq(q
xt | h)
= −t
∞∑
n=0
qhn+xe[x+n]qt + (h− 1)(1 − q)
∞∑
n=0
q(h−1)ne[x+n]qt.
Therefore, we obtain the following proposition.
Proposition 1. For h ∈ C, we have
βhn,q(x) =
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)lqlx
l + h− 1
[l + h− 1]q
=
n∑
l=0
(
n
l
)
qlxβhl,q[x]
n−l
q .
Note that(
d
dt
)k
Fq(t, x | h)
∣∣∣∣∣
t=0
= −k
∞∑
n=0
qhn+x[x+ n]q
k−1 + (h− 1)(1 − q)
∞∑
n=0
q(h−1)n[x+ n]q
k
.
Thus, we obtain the following corollary.
Corollary 2. For k ∈ Z+ = N ∪ {0}, we have
βhk,q(x) = −k
∞∑
n=0
qhn+x[x+ n]k−1q + (h− 1)(1 − q)
∞∑
n=0
q(h−1)n[x+ n]kq ,
and
βhk,q = −k
∞∑
n=0
qhn[n]k−1q + (h− 1)(1 − q)
∞∑
n=0
q(h−1)n[n]kq .
It is easy to show that
q(h−1)nFq(t, n | h)− Fq(t | h) = t
n−1∑
l=0
qhle[l]qt − (h− 1)(1 − q)
n−1∑
l=0
q(h−1)le[l]qt.
Thus, we have
βh0,q =
h− 1
[h− 1]q
, and qh−1βhn,q(1) − β
h
n,q = δ1n, (6)
where δ1n is kronecker symbol.
Therefore, we obtain the following theorem.
Theorem 3. For h ∈ C, n ∈ N and m ∈ Z+, we have
q(h−1)nβhm,q(n)− β
h
m,q = m
n−1∑
l=0
qhl[l]m−1q − (h− 1)(1 − q)
n−1∑
l=0
q(h−1)l[l]mq .
In the special case, n = 1, we have
βh0,q =
h− 1
[h− 1]q
, and qh−1βhn,q(1) − β
h
n,q = δ1n,
where δ1n is kronecker symbol.
Now, we consider the following integral representation in complex plane.
1
Γ(s)
∫
∞
0
ts−2Fq(−t, x | h)dt
=
∞∑
n=0
qhn+x
[x+ n]sq
+
Γ(s− 1)
Γ(s)
(h− 1)(1 − q)
∞∑
n=0
q(h−1)n
[x+ n]s−1q
=
∞∑
n=0
qhn+x
[x+ n]sq
+
(h− 1)(1 − q)
s− 1
∞∑
n=0
q(h−1)n
[x+ n]s−1q
,
(7)
where x 6= 0,−1,−2, · · · , h ∈ C, and s ∈ C \ {1}.
By the definition of (h, q)-Bernoulli polynomials, we see that
1
Γ(s)
∫
∞
0
ts−2Fq(−t, x | h)dt =
∞∑
m=0
(
1
Γ(s)
∫
∞
0
tm+s−2dt
)
(−1)mβhm,q(x)
m!
. (8)
In the special case, s = 1 − k(k ∈ N), we see form (7) and (8) and the basic theory of
complex analysis including Laurent series that
∞∑
n=0
qhn+x[x+ n]k−1q −
(h− 1)(1 − q)
k
∞∑
n=0
[x+ n]kqq
(h−1)n = −
βhk,q(x)
k
. (9)
In the viewpoint of (7), we can define the following Hurwitz’s type (h, q)-zeta function:
Definition 4. For h ∈ C, s ∈ C \ {1}, and x 6= 0,−1,−2, · · · , define
ζq(s, x | h) =
∞∑
n=0
qhn+x
[x+ n]sq
+
(h− 1)(1 − q)
s− 1
∞∑
n=0
q(h−1)n
[x+ n]s−1q
.
Note that limq→1 ζq(s, x | h) = ζ(s, x), where ζ(s, x) =
∑
∞
n=0
1
(n + x)s
is called Hur-
witz’s zeta function.
Remark. Note that ζq(s, x | h) has only simple pole at s = 1 and ζq(s, x | h) is
meromorphic function except for s = 1 in complex s-plane.
By (9) and Definition 4, we obtain the following theorem.
Theorem 5. For k ∈ N , we have
ζq(1− k, x | h) = −
βhk,q(x)
k
.
In the special case, x = 1, we see that
ζq(s, 1 | h) =
∞∑
n=0
qhn+1
[n+ 1]sq
+
(h− 1)(1 − q)
s− 1
∞∑
n=0
q(h−1)n
[n+ 1]s−1q
=
∞∑
n=1
qhn+1−h
[n]sq
+
(h− 1)(1− q)
s− 1
∞∑
n=1
q(h−1)n+1−h
[n]s−1q
= q−(h−1)
(
∞∑
n=1
qhn
[n]sq
+
(h− 1)(1 − q)
s− 1
∞∑
n=1
q(h−1)n
[n]s−1q
)
.
Now, we define the (h, q)-zeta function as follows:
Definition 6. For s ∈ C \ {1}, and h ∈ C, define
ζq(s | h) =
∞∑
n=1
qhn
[n]sq
+
(h− 1)(1 − q)
s− 1
∞∑
n=1
q(h−1)n
[n]s−1q
.
Note that
ζq(s | h) = q
h−1ζq(s, 1 | h).
For k ∈ N with k > 1, we have
ζq(1− k | h) = q
h−1ζq(1− k, 1 | h) = −
qh−1βhk,q(1)
k
. (10)
By (6), (10), and Corollary 2, we obtain the following corollary.
Corollary 7. For k ∈ N , we have
ζq(1− k | h) = −
βhk,q
k
.
Let χ be the Dirichlet character with conductor f ∈ N. Then we define the generalized
(h, q)-Bernoulli polynomials attached to χ as follows:
βhn,χ,q(x) = [f ]
n−1
q
f−1∑
a=0
χ(a)q(h−1)aβhn,qf
(
x+ a
f
)
. (11)
Note that
lim
q→1
βhn,χ,q(x) = f
n−1
f−1∑
a=0
χ(a)βn
(
x+ a
f
)
= Bn,χ(x),
where Bn,χ(x) are the n-th generalized ordinary Bernoulli polynomials attached to χ. In
the special case, x = 0, βhn,χ,q(0) = β
h
n,χ,q are called the n-th generalized (h, q)-Bernoulli
numbers attached to χ.
From (3) and (11), we note that
βhn,χ,q(x) =
f−1∑
a=0
χ(a)q(h−1)a
1
(1− q)n
n∑
l=0
(
n
l
)
(−1)lql(x+a)
l + h− 1
[f(l + h− 1)]q
. (12)
By (12), we easily get
βhn,χ,q(x) = (h− 1)(1 − q)
∞∑
m=0
q(h−1)mχ(m)[x+m]kq − n
∞∑
m=0
qhm+xχ(m)[x+m]n−1q .
Therefore, we obtain the following theorem.
Theorem 8. For h ∈ C and n ∈ Z+ , we have
βhn,χ,q(x) = (h− 1)(1 − q)
∞∑
m=0
q(h−1)mχ(m)[x+m]kq − n
∞∑
m=0
qhm+xχ(m)[x+m]n−1q .
Let Fχ,q(t, x | h) =
∑
∞
n=0 β
h
n,χ,q(x)
tn
n!
. Then we see that
Fχ,q(t, x | h) = (h− 1)(1 − q)
∞∑
m=0
q(h−1)mχ(m)e[x+m]qt − t
∞∑
m=0
qhm+xχ(m)e[x+m]qt. (13)
Therefore, we obtain the following generating function:
Proposition 9. Let Fχ,q(t, x | h) =
∑
∞
n=0 β
h
n,χ,q(x)
tn
n!
. Then we have
Fχ,q(t, x | h) = (h− 1)(1− q)
∞∑
m=0
q(h−1)mχ(m)e[x+m]qt − t
∞∑
m=0
qhm+xχ(m)e[x+m]qt.
Let Fχ,q(t | h) =
∑
∞
n=0 β
h
n,χ,q
tn
n!
. Then we also get
Fχ,q(t | h) = (h− 1)(1 − q)
∞∑
m=0
q(h−1)mχ(m)e[m]qt − t
∞∑
m=0
qhmχ(m)e[m]qt. (14)
From (14) and the definition of βhn,χ,q, we can derive the following functional equation:
βhn,χ,q =
dn
dtn
Fχ,q(t | h)
∣∣∣∣
t=0
= (h− 1)(1− q)
∞∑
m=0
q(h−1)mχ(m)[m]nq − n
∞∑
m=0
qhmχ(m)[m]n−1q .
(15)
By (14) and (15), we obtain the following corollary:
Corollary 10. For h ∈ C, n ∈ Z+ , we have
βhn,χ,q = (h− 1)(1 − q)
∞∑
m=0
q(h−1)mχ(m)[m]nq − n
∞∑
m=0
qhmχ(m)[m]n−1q .
For s ∈ C \ {1}, h ∈ C, and x 6= 0,−1,−2, · · · , we consider complex integral as follows:
1
Γ(s)
∫
∞
0
Fχ,q(−t, x | h)t
s−2dt
=
(h− 1)(1 − q)
s− 1
∞∑
m=0
q(h−1)mχ(m)
[x+m]s−1q
+
∞∑
m=0
qhm+xχ(m)
[x+m]sq
.
(16)
From (16), we can define Hurwitz’s type (h, q)-L-function as follows:
Definition 11. For s ∈ C \ {1}, h ∈ C, and x 6= 0,−1,−2, · · · , define
Lhq (s, χ | x) =
(h− 1)(1 − q)
s− 1
∞∑
m=0
q(h−1)mχ(m)
[x+m]s−1q
+
∞∑
m=0
qhm+xχ(m)
[x+m]sq
.
By the definition of the generating function for the generalized (h, q)-Bernoulli polyno-
mials attached to χ, we get
1
Γ(s)
∫
∞
0
Fχ,q(−t, x | h)t
s−2dt =
∞∑
n=0
(−1)nβhn,χ,q(x)
n!
1
Γ(s)
∫
∞
0
tn+s−2dt. (17)
We see form (16) and (17) and the basic theory of complex analysis including Laurent series
that
−
(h− 1)(1 − q)
k
∞∑
m=0
q(h−1)mχ(m)[x+m]kq +
∞∑
m=0
qhm+xχ(m)[x+m]k−1q
= −
βhk,χ,q(x)
k
, for k ∈ N.
(18)
From (18) and Definition 2, we obtain the following functional equation.
Theorem 12. For k ∈ N, we have
Lhq (1− k, χ | x) = −
βhk,χ,q(x)
k
.
Let χ be non-trivial Dirichlet character with conductor f ∈ N. Then we can also
consider Dirichlet’s type (h, q)-L-function as follows:
Lhq (s, χ) =
(h− 1)(1 − q)
s− 1
∞∑
m=1
q(h−1)mχ(m)
[m]s−1q
+
∞∑
m=1
qhmχ(m)
[m]sq
, (19)
for s ∈ C \ {1}, h ∈ C.
By Corollary 10 and (19), we get
Lhq (1− k, χ) = −
βhk,χ,q
k
, for k ∈ N.
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